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A computing platform based on low temperature superconductors (LTS) has already been proven both the-
oretically and experimentally. However, qubits based on high Tc superconductors (HTS) are not yet well un-
derstood. Here we study the Andreev bounds states (ABS) in the later materials in order to show that a formal
correspondence exists between the Mathieu levels in a Cooper Pair Box qubit built with LTS and the Andreev
levels in HTS junctions.
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I. INTRODUCTION
Superconductivity at low temperatures has already been
well explained by the BCS model, allowing us to describe
phenomenae that may take place in superconducting junctions
(e.g. the Josephson effect) [1]. However, a satisfactory model
for HTS materials has not been completely developed because
the electron coupling mechanism in these unconventional su-
perconductors is not totally understood. One of the models
used in this work reaffirms that superconductivity phenome-
nae (e.g superconducting currents) may be explained by the
Andreev reflections mechanism [2][3] in junctions of normal
and superconducting cuprates with d- symmetry - also known
as d-wave type superconductors. One of the experimental
challenges for quantum computing with superconductors is
the decoherence of LTS qubit states, and of course HTS qubits
may be even more prone to high decoherence effects than LTS
qubits. The high temperatures (> 77K) in the later kind of
systems are the main source of decoherence leading to very
short coherence times, when compared with the expected time
for a gate application to operate, the later being a key issue for
us to be able to build a quantum computer based on HTS with
high fault-tolerances. In Section II we consider the symme-
try of the energy gap of different kinds of superconductors,
focusing our interest on the cuprates with d-wave type sym-
metry and the mechanism involved in the junctions made with
such materials, leading us to obtain the Andreev levels in the
spectrum of eigenenergies. Then in Section III we present a
well-known theoretical model for an LTS system which lead
us to a discrete nonlinear spectrum of eigenenergies that de-
fine the Mathieu levels. In Section IV we then use the two
above mentioned models as a starting point to show that a for-
mal correspondence exists between the Andreev energy lev-
els in HTS systems and the Mathieu energy levels using LTS
Cooper Pair Box qubit [4][5]. Finally, in Section V, we shall
discuss how this correspondence could be interpreted and ex-
ploited, and what kind of possible difficulties would appear in
actual experimental systems.
∗ Department of Physics, University Simon Bolivar, Caracas 1089,
Venezuela.; E-mail me at: clladera@usb.ve
II. HTS
Symmetry
From the theory of Landau for second order phase tran-
sitions the general result emerges that the order parameter
which describes such transitions should transform following
one of the irreducible representations of the symmetry group
at high temperatures. The symmetry group that describes the
superconductor stateH is contained in the symmetry group of
normal states G, (H ⊂ G) such that: G = X×R×U(1)×T
for T>Tc, where X is the symmetry gauge of the crystal lat-
tice, R is the symmetry gauge of spin-rotations and T is the
time reversal symmetry operator. Thus, through the decompo-
sition of the representation ofG in irreducible representations,
the different shapes of the order parameter can be classified
into many systems of pair-condensates.
The point-group symmetries in cuprates superconductors are
well understood [6]. The pertinent coupling mechanism
should also be known in order to determine the pair states in a
specific crystal structure. Yet, even without this information,
the order parameters, that is the energy gaps can be written as
linear combinations of the functions of the basis of the irre-
ducible representation:
∆(k) =
dim(Γj)∑
µ=1
αµζ
j
µ(k), (1)
where ζjµ is the µ-th element of the basis of functions of the
j-th irreducible representation (Γj), and αµ is a complex
constant which is invariant under the symmetry operations
of the normal state group G. Considering the HTS cuprates,
the CuO2 planes form rectangular structures of Cu−O with
a C2ν symmetry group that results in the subtraction of the
C4 and the C4ν reflection symmetry group (reflections with
respect to x = 0 and y = 0). Here Cn is an axis of symmetry
(c-axis) which can be used to define rotations of 2pi/n, n is
an integer.
d-wave
Recent work on the inter-laminar ac and dc Josephson effect
in very high anisotropic HTS showed that it behaves as stacks
of layers of CuO2 coupled by Josephson interactions, which
means that the superconductivity originates in the planes of
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2CuO2 [7]. Therefore, the coupling symmetry should be re-
flected in the underlying symmetry of the rectangular lattice
of Cu−O. In the schematic representation of the wave func-
tion in k-space there are a few candidates for the symmetry
group C4ν . However, based on the study of Kawabata et al,
we here select the d−waveHTS with dx2−y2 wave function
shown in the figure 1.
FIG. 1. d-wave orbitals of the superconducting material which de-
fine the shape of the energy gap. The red and blue color show the
difference of energy gap signs.
Mechanism
The mechanism considered for the 0 − pi transitions
in Superconductor-Ferromagnetic Insulator-Superconductor
(S/FI/S) junctions has been studied by Kawabata et al [7]
[8]. There, a change of sign of the current Ic may be con-
sidered as a two level system, and then in the ferromagnetic
layer (ferromagnetic insulator) excited quasi particles appear
without any gap of energy leading to strong effects of deco-
herence.
In the model proposed by Kawabata for the HTS JJ, the
Hamiltonian corresponding to HTS material in the junction
for a 3 dimensional case is:
HHTS =− t
∑
r,r′,σ
c†r,σcr′,σ + (2t− µs)
∑
r,σ
c†r,σcr,σ +
1
2
∑
r
[
∆c†r+x,↑c
†
r,↓ + ∆c
†
r−x,↑c
†
r,↓ + ∆
∗cr,↓cr+x,↑ + ∆∗cr,↓cr−x,↑−
−∆c†r+y,↑c†r,↓ −∆c†r−y,↑c†r,↓ −∆∗cr,↓cr+y,↑ −∆∗cr,↓cr−y,↑
]
,
(2)
where σ are possible values of the spin (↓ or ↑), r is the po-
sition with coordinates (x, y), c (c†) are creation (annihilation)
operators, µs is the chemical potential, ∆ is the amplitude of
the d − wave coupling potential and t is the hopping inte-
gral. For a Ferromagnetic Insulator (FI) the Hamiltonian can
be written as follow:
HFI =− t
∑
r,r′,σ
c†r,σcr′,σ −
∑
r
(4t− 4)c†r,↑cr,↑+
+
∑
r
(4t− µ+ Vex)C†r,↓Cr,↓.
(3)
The external potential (Vex) can be obtained from the tight
binding model (Vex = 12t + g), g is the energy gap between
the states ↑ and ↓. Using the Bogoliubov transformations
and the superconducting bound states (ψ1 and ψ2), the latter
Hamiltonian could be diagonalized giving us the eigenfunc-
tions:
ψ1l,m(r) = Φ1
[(
u
v
)
Ae−iKz +
(
v
u
)
BeiKz
]
χl(x)χm(y),
ψ2l,m(r) = Φ2
[(
v
u
)
CeiKz +
(
v
u
)
De−iKz
]
χl(x)χm(y),
(4)
where A,B,C andD are the amplitudes of the wave func-
tions for outgoing quasiparticles, a Φν is the superconducting
phase:
Φν = diag
(
e
iφν
2 , e
−iφν
2
)
, (5)
with ν = {1, 2} and u,v are defined as:
u =
√
1
2
(
1 +
Ω`m
E
)
,
v =
√
1
2
(
1− Ω`m
E
)
.
(6)
In the expressions above the energy of the channels `,m is
defined by Ω`m =
√
E2 −∆2`m and ∆`m = ∆(cos(q`) −
cos(qm)) where q` = pi`/M + 1 and qm = pim/M + 1 (` and
m are transport channels that define the corresponding energy
level of the state ψi`,m(r)),M is the size of the cell studied and
E is the energy measured with respect to the Fermi energy.
The expressions for χ` and χm are:
χ`(x) =
√
1
M + 1
sin
(
pi`
M + 1
)
xˆ,
χm(y) =
√
1
M + 1
sin
(
pim
M + 1
)
yˆ,
(7)
On the other hand the expression for the wave vector (K)
is:
K = cos−1
(
4− µs
2t
− Cq`m −
i
2t
√
∆2`m − E2
)
, (8)
Cq`m represent Cq`m = cos(q`) + cos(qm) and which let
us to write the wave function for the FI as:
ψFI(
#»r ) =
[(
f1e
−iqez
g1e
−iqhz
)
+
(
f2e
iqez
g2e
iqhz
)]
χ`(x)χm(y). (9)
3where:
qe =pi+i
(
1 +
E
2t
+
g
4t
+Cq`m−2 cos
(
piM
M + 1
))
,
qh =i
(
1 +
E
2t
+
g
4t
− Cq`m − 2 cos
(
pi
M + 1
))
.
(10)
and f1,2 and g1,2 are the amplitudes of the wave function
in the ferromagnetic insulator material.
Andreev energy levels
Using the boundary conditions for the bound states below
the energy gap one obtains the Andreev energy levels (εn,`,m).
These are plotted in figures 2.a and 2.b. The corresponding
wave functions that decay away at the interface of the junction
and are given by:
ψ1(x, y, λ) = ψFI(x, y, λ),
ψ2(x, y, Lf + λ) = ψFI(x, y, LF + λ).
(11)
In terms of these levels, the Josephson current is [7]:
IJ(φ) =
2e
~
∑
n,`,m
∂εn,`,m
∂φ
f(εn,`,m(φ)), (12)
where f(εn,`,m(φ)) represents a Fermi distribution.
III. LTS
Cooper Pair Box qubit
Superconducting qubits of conventional superconductors
may assume several geometries and configurations that
correspond to different types classes of qubits (e.g charged,
fluxed and biased qubits). The well-know CPB qubit is
composed of a Josephson junction (JJ), a capacitor (C1 ) and
a power source, as shown in figure 3.
When written in terms of the charge Qˆ and phase φˆ opera-
tors the Hamiltonian of the CPB qubit becomes:
HCPB =
Qˆ2
2C1︸︷︷︸
capacitor
−EJ cos
(
2pi
φ0
)
︸ ︷︷ ︸
JJ
, (13)
where EJ is the Josephson energy, φ0 is a reference phase. If
the nˆ is the operator of the Cooper pair number and C1 the ca-
pacitance associated to the charging energy (EC = e2/2C1),
we may write the charge operator as:
Qˆ = 2enˆ y Φˆ =
2piφˆ
φ0
. (14)
Let ng be the offset number of pairs. Replac-
ing the CPB Hamiltonian into the eigenvalue equation
FIG. 2. Andreev energy levels (i): Spectra of the energies gap nor-
malized by the gap energy in the ground state (E/∆0) in terms of the
phase function (φ), for a odd number (red) and even number (blue)
of Ferromagnetic Insulator material layers (L) obtained by Kawabata
et al [8].
FIG. 3. Circuit diagram of the Cooper Pair Box. Blue dashed line
points out the island. Uq represent the source, C1 represent the ca-
pacitor and JJ the Josephson junction.
HCPB |ψk(φ)〉 = Ek|ψk(φ)〉 we obtain the equation:
[(
−i ∂
∂φ
− ng
)2
− EJ
4Ec
cosφ
]
ψk(φ) =
Ek
4Ec
ψk(φ),
(15)
which after the change of variable gk(x) =
4e−i(2ng)xψk(2x), lead us to a Mathieu equation [9]:
g′′(x) +
[
Ek
Ec
+
EJ
Ec
cos 2x
]
g(x) = 0. (16)
Solving this equation we get the k-th eigenfunction
ψk(φ)e
−ing with periodical conditions:
ψk(φ) = ψk(φ+ 2pi) (17)
and the eigenenergies Ek, which in terms of the parameters
ng and EJ/EC are:
Ek = ECMA
[
k+1−(k+1) mod 2+2ng(−1)k,−2EJ/EC
]
,
(18)
HereMA is the characteristic Mathieu function and therefore:
ψk(φ) =
eingφ√
2pi
{
MC
[
4Ek
EC
,
−2EJ
EC
,
φ
2
]
+
+ i(−1)k+1MS
[
4Ek
EC
,
−2EJ
EC
,
φ
2
]}
,
(19)
where the MC and MS are the Mathieu Cosine and Sine
functions, that represent the even and odd solutions for a, q
and z. Simplifying the value of the parameters of the functions
MC,S(a, q, z) with q = 0 we get:
MC(a, 0, z) = cos(
√
az)
MS(a, 0, z) = sin(
√
az).
(20)
Then the previous functions could be written in terms of
the pi− 0 periodical characteristic values mc(z) and mc(z) of
each functions in z:
MC(a, q, z) = mc(z) · eirz
MS(a, q, z) = mc(z) · eirz
(21)
where r(a, q) is real parameter.
Mathieu levels
We represent the nonlinear spectra of the first five Math-
ieu energy levels in figure 4, using an equivalent Hamiltonian
to the original (Eq.13) for different values of EJ/EC as was
done by Koch et al.
The presence of the sweet spots in these levels give us the
optimal conditions that have to be set in an experiment with a
CPB qubit. However, by increasing the ratio EJ/EC between
the junction and charge energies we induce an anharmonicity
that does not change significantly (decays polynomially)
while on the other hand the charge dispersion decrease
exponentially
(
∝ e−
√
8EJ/EC
)
as it is clearly shown in the
plots of figure5).
FIG. 4. Non-linear spectrum of energy (first 5 levels) where is de-
fined the Mathieu levels in terms of ng for 4 values of Ec/EJ =
1, 20, 25, 50.
FIG. 5. Anharmonicity (left), related to the coherence time (poly-
nomial decay) and Charge dispersion (right), related to gate opera-
tion time (exponential decay). In terms of difference between the
eigenenergies of the first levels.
IV. FROM LTS TO HTS
Let us now consider the models presented in the previous
sections III and IV for the case of High and Low temperatures
superconductors in order to establish a correspondence be-
tween the energy levels of these two systems (HTS vs. LTS).
On the one hand we have the Andreev energy levels resulting
from the Andreev reflections in the JJ at the HTS sandwich;
on the other hand we have the cooper pairs coming from
LTS junctions that result from the BCS mechanism. This
correspondence is the result of a simple comparison between
the expressions of the wave function of the Ferromagnetic
Insulator in the HTS system (Eq. 4 and Eq. 9) and the
expression of the wavefunction in Eq. 19 for the LTS system.
By the same token we may compare the boundary conditions
used for the eigenfunctions used in the two cases Eq. 11 and
Eq. 17. Another remarkable result is the correspondence
between the eigenfunctions of Andreev model for the FI in
7the HTS, and the eigenfunctions of the Mathieu model in the
CPB qubit using LTS (note the χ` andχm and the Mathieu
functions MC,S). For further details of these correspondences
see below Supplemental Material I.
The correspondence between the levels of Mathieu at low
temperatures (En) and the Andreev levels (E/∆0) at high
temperatures is graphically comparable in figures 2 and 4. Be-
ing both well defined two-levels systems shows that in prin-
ciple it could also be possible to develop quantum devices in
HTS where their qubit states could be controlled and read.
V. DISCUSSION
Our comprehension of superconducting qubits constructed
with conventional superconductors has made remarkable
progress in the last decade, both in the experimental realm
and in applications such as achieving the so-called quantum
supremacy [10]. Here, the formal correspondence between
the Andreev and Mathieu levels has allowed us to present
a correspondence between two systems made of two kinds
of superconductors (HTS vs. LTS) [11]. To consider these
HTS materials as suitable ones for constructing devices that
would represent the state of qubit will facilitate the solution
of some technical problems related with the refrigeration of
the quantum devices, without affecting the time of coherence
(T1) in relation to the anharmonicity and to the gate operation
time, (T2), the latter being related to the charge dispersion,
and which is of the order of 100µs for LTS.
We also are aware that this approach could bring some chal-
lenges in terms of the scalability aspect as well as in terms of
the decoherence due to the loss of electrons in the HTS lay-
ers. But it is important to understand that there is not general
model for superconductivity that properly explains the phe-
nomena at any temperature, which let us to hope that these
challenges could be timely solved, providing us with parame-
ters of control for such kind of systems.
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Supplemental Material
I. CORRESPONDENCE BETWEEN ANDREEV AND MATHIEU ENERGY LEVELS
Here we attempt to establish a correspondence between the Andreev energy levels (A) and the Mathieu (M ) energy levels.
It consists in defining a one-to-one correspondence between the computational basis of the two frameworks (e.g |0〉A,|1〉A and|0〉M ,|1〉M , respectively) with respect to the common computational basis (|0〉 and |1〉), this with the purpose that any unitary
operation be valid in both systems, taking as a reference the LTS system. To the effect we consider Eq.9 that represents a
superposition of the eigenstates |0〉A,|1〉A. These are expressed by:
|0〉A =
(
f1e
−iqez
g1e
−iqhz
)
χ`(x)χm(y) = χ`(x)χm(y)|0〉,
|1〉A =
(
f2e
iqez
g2e
iqhz
)
χ`(x)χm(y) = χ`(x)χm(y)|1〉.
(S1)
8Then we can define the following transformation (aij)2×2 between the computational basis {|0〉, |1〉}) and the vectors that
appear in the wave function of the quasiparticles in a Ferromagnetic Insulator:(
1
0
)
=
(
a11 a12
a21 a22
)(
f1e
−iqez
g1e
−iqhz
)
;
(
0
1
)
=
(
a11 a12
a21 a22
)(
f2e
iqez
g2e
iqhz
)
(S2)
and therefore
1− a11f1e−iqez = a12g1e−iqhz
a21f1e
−iqez = −a22g1e−iqhz,
(S3)
and
a11f2e
iqez = −a12g2eiqhz
1− a21f2eiqez = a22g2eiqhz.
(S4)
And thus using fixed values for the phases of the electron and holes (qe and qh) in an specific position of the FI lattice what we
get in fact is a linear transformation [T ]C,A from the computational basis to the Andreev basis that may be written:
[T ]C,A =
− g2ei(qh−qe)zg1f2e−iqhz−g2f1ei(qh−2qe)z
(
g1e
−iqhz − g2
(
f1
f2
)
ei(qh−2qe)z
)−1
− g1ei(qe−qh)z
g2f1e
iqhz−g1f2ei(2qe−qh)z
(
g2e
iqhz − g1
(
f2
f1
)
ei(2qe−qh)z
)−1
 (S5)
A transformation that can also be shown to be injective (one-to-one) since the spaces generated by both basis are of equal
dimension. Hence, by a known theorem [12] of linear algebra it is a bijective one or what is the same, those spaces are
isomorphic. Let us now consider applying this transformation to one of the computational unitary operations say σx. We obtain:
σx|0〉A = σx[T ]C,A
(
f1e
−iqez
g1e
−iqhz
)
χ`(x)χm(y) = χ`(x)χm(y)σx|0〉 = χ`(x)χm(y)|1〉 = |1〉A (S6)
In the case of Mathieu levels in a LTS, where we can choose the corresponding values of the parameters 4Ek/EC , EJ/EC
and φ/2 where the energy is minimum at the first excited state, we will obtain that the {|0〉M , |1〉M} present a similar relation,
which must be the result of a similar analysis. Here we suggest to take the values of the parameters that correspond to the
“sweet spot”of the CPB qubit.
In this way, we can say that the space of the quasiparticles in the FI using HTS JJ and the cooper pairs in the island of LTS JJ
are isomorph, since a bijection between the Andreev energy levels and the Mathieu energy levels has been demonstrated to exist.
